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Abstract
Imitation learning aims to learn a policy from expert demonstrations. Recently
in 2018, Generative Moment Matching Imitation Learning, the first kernel-based
imitation learning method, was proposed. It is not well studied yet whether its
state-of-the-art results can be easily reproduced and to what extent the method is
advantageous. To the end, we briefly review the new method and evaluate it on a
synthetic task and OpenAI control benchmarks. We present the empirical results
in terms of the method’s reproducibility, stability, sample-efficiency, sensitivity to
data dimensionality, and robustness for noise.

1

Introduction

We consider the problem of recovering an optimal policy from demonstrations. Typical reinforcement
learning algorithms learn a policy by optimizing a pre-defined cost function. Since it is difficult to
engineer a good cost function, [1, 2] proposed an inverse reinforcement learning (IRL) method that
aims to learn a linear cost function the expert demonstration. Though the method became popular,
it has two main issues. The first is the dependence on the choice of a feature map which restricts
the cost function hypothesis spaces. If the desired behavior is complex and the hypothesis space is
restrictive, the method would not produce a good policy. The second main issue is that the method is
slow due to its computationally expensive loop of solving a new reinforcement learning problem.
A simpler alternative is called imitation learning (IL) [3] that bypasses the computationally expensive
loop. The simplest IL method would arguably be to reduce the main problem to a supervised learning
problem. It has been shown the simple reduction is rarely sufficient due to the accumulation of errors.
[4] showed a lower bound on the test loss of a simple supervised IL algorithm is Õ(T 2 ). It tells even
with a small classification error at each time step  > 0, the total error will accumulate quadratically
in the length of a trajectory T .
The method of interest in this report, Generative Moment Matching Imitation Learning (GMMIL), on
the other hand, tries to sit between IRL and IL. First, the method aims to make IRL computationally
tractable by not performing the loop in the full scale. Second, its use of kernels may equip the
cost function hypothesis spaces with a richer set of choices on the implicit feature maps by the
reproducing property. Third, the possible use of characteric kernels gives a theoretical guarantee in
terms of moment matching of a distribution, making the method better than the simple supervised
IL algorithm. Finally, GMMIL maintains a simple formulation and is easier to train than other
sophisticated algorithms like the one based on Generative Adversarial Networks [5].

2

Background

In this section, we establish the basic notations and the related concepts that will be used throughout
the report. An Markov Decision Process (MDP) is a tuple (S, A, T, C, γ) parameterized by a set
of states s ∈ S, a set of actions a ∈ A, a transition probability T = P(s0 |s, a), a cost function
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C : S × A → (−∞, 0], and a discount factor γ ∈ [0, 1). A policy π(a|s) is a probability distribution
over actions conditioned on states π : S × A → [0, 1). Let d(s0 ) be a probability
distribution over
P∞
initial states {s0 } ⊂ S. Let Eπ [c(s, a)] be a shorthand for Es0 ,a0 ,s1 ,a2 ,... [ t=0 γ t c(st , at )|π] where
s0 ∼ d(s0 ), at ∼ π(·|st ), st+1 ∈ T (s0 |s, a). It denotes the expected total discounted cost over a
trajectory distributed by π. Let πE always mean the expert (optimal) policy and πθ the candidate
policy we are to optimize. let φ : S × A → Rd denote a feature map. Unless otherwise specified, we
∆
consider linear cost functions c ∈ C = {c | c = w> φ(s, a), w ∈ Rd }.
2.1

The Strong Duality of IRL and Occupancy Measure Matching

In this section, we establish the connection between IRL and Occupancy Measure Matching; concretely, the strong duality (refer to [5] for the proof). IRL aims to learn a cost function that consequently will induce the optimal policy whereas IL focuses on mimicking the expert policy [6], both
∆
from expert demonstrations denoted by DE = {τ | τ = (s0 , a0 , s1 , . . .)}. Concretely, IRL is a loop
where each iteration solves:


∆
RL ◦ IRL = arg min max Eπθ [c(s, a)] − EπE [c(s, a)]
(1)
θ

||φ||≤1

IRL searches for a cost function that assigns low cost to the expert policy and high cost to the
candidate policy (the inner) and then, searches for a policy that minimizes the cost (the outer).
Occupancy Measure and Feature Expectations Define the occupancy measure ρ : S × A → R
P∞
P∞
∆
where ρπ (s, a) = E[ t=0 γ t I(st = s, at = a)] = π(a|s) t=0 γ t P(st = s|π) where I is an
indicator function. This can be interpreted as the unnormalized distribution function over (s, a) given
π or as an expected number of visits to (s, a). In the subsequent discussion, we assume ρ to be a
finite measure so it is treated as a probability
P measure on S and A (the detailed justification is in
[7]). It allows us to write Eπ [c(s, a)] = s,a c(s, a)ρπ (s, a). It is known that there is one-to-one
correspondence between the policy and its occupancy measure [8] such that π(a|s) can be identified
with P0ρ(s,a)
0 . Hence, matching the occupancy measure would imply matching the policy that
a ρ(s,a )
corresponds to it. Utilitizing this property, many IRL approaches use a metric known as feature
expectation that gives rise to the key equation for this paper:
∞
X
∆
µπ = E[
γ t φ(st , at )|π] = Eπ [φ(s, a)] = Es,a∼ρ(s,a) [φ(s, a)]

(2)

t=0

2.2

Maximum Mean Discrepancy for Matching the Moments of the Expert Policy

In this section, we establish the need and advantage of computing Maximum Mean Discrepancy
with a characteristic kernel mean embedding [9]. By Eq. (2), we notice the feature expectation is
indeed the mean embedding of the distribution ρπ (s, a) with the feature map φ(s, a). The observation
motivates the use of a kernel to represent the feature expectation.
Kernel Mean Embedding Let P, Q be Borel probability measures on X, Y ∈ (S, A). The mean
of a feature map µ ∈ H is µp = [. . . Ep [φ(X)] . . .] and for a positive definite kernel k : X × Y → R,
it gives EP,Q [k(x, y)] = hµP , µQ iH . Also we get Ep [φ(X)] = hµP , φ(·)iH . In relation to the main
topics of the paper, the last equivalence implies the reproducing property of k where choosing the
kernel gives rise to an implicit feature map φ : S × A → H with µπρ being an element of an RHKS
H [10]. That is:
Z
∆
µρ = EX∼ρ [k(x, ·)] = EX∼ρ [φ(x)] =
φ(x)dρ(x)
(3)
X
∆

∆

Maximum Mean Discrepancy (MMD) Let Dx = {xi }i:1:n , Dy = {yi }i:1:m be the
two sets of samples and suppose we would like to ask whether PX = PY . MMD
[11] is a distance measure between two distributions P (X) and Q(Y ) defined as
∆
MMD(P, Q, H) = ||µp − µq ||2H .
We observe the inner risk in Eq.
(1) is indeed
d
πθ
πE
MMD[ρπθ , ρπE , R ] = sup||φ||≤1 h µ − µ , φ(s, a)i. By Cauchy–Schwarz inequality, it
2

πθ

πE

is easy to notice the optimum is ||µπθ − µπE ||2 with ||µµπθ −µ
−µπE || as the maximizer. Finally, define an
Pn
Pm
1
2
\
M D[Dx , Dy , H] = || n1 i=1 φ(xi ) − m
empirical biased estimate of MMD: M
j=1 φ(yj )|| =
P
P
P
P
P
P
n
m
n
n
m
m
1
1
2
0
0
i=1
j=1 k(xi , yj ).
i=1
i0 =1 k(xi , xi ) + m2
j=1
j 0 =1 k(yj , yj ) − nm
n2
The connection is especially useful for kernels that are injective, known as characteristic kernels.
i.e. ||ρp − ρq ||H = 0 if and only if P (X) = Q(Y ). In relation to the main topic, this means if two
policies have the same feature expectations then all of moments of the two distributions are equal.
Notice we can exchange π and ρ by the one-on-one correspondence between policy and occupancy
measure. This motivates the comparison of feature expectations of two policies as a metric [12].

3

Method: Generative Moment Matching Imitation Learning (GMMIL)

GMMIL (Algo. 1) directly follows from our earlier observation that occupancy measure matching
induces the same optimal policy as would be given by IRL and that minimizing MMD using a characterisic kernel is essentially the same as minimizing a distance between all moments of a candidate
policy and the expert policy. [7] suggested using the sum of two Gaussian kernels that has the all||x−x0 ||2
moment-matching property k(x, x0 ) = exp(− σ2 2 ) to have ρπθ = ρπE when MMD(·) = 0. Let
DE = DπE = {(sj , aj )E }j:1:m and Dθ = Dπθ = {(si , ai )}i:1:n . The authors suggested the median
(0)
(0)
heuristics for the bandwidth parameters {σ1 , σ2 } where σ1 = median({||xθ −xE ||22 | (xθ , xE ) ∈
(0)
(0)
G}) and G = {(xθ , xE ) | xθ ∈ Dθ , xE ∈ DE }. For σ2 , only with DE .
Algorithm 1: Generative Moment Matching Imitation Learning
(0)

Input :πθ , k, DE ,  > 0
set i = 0;
\
while M
M D[Dθ , DE ] ≤  do
(i)
Sample Dθ with πθ ;
\
Compute M
M D[Dθ , DE ] for all (s, a) ∈ DE ;
\
Set the optimal cost function c∗ (s, a) = M
M D;
Update θ with c∗ using TRPO algorithm and set i = i + 1;
end

4

Experiments

We evaluated GMMIL on 5 different environments. First, we tested the reproducibility of the
algorithm on the two OpenAI control tasks for the comparison to the original paper. This was a
valuable first step as the poor reproducibility is a big problem in the field of reinforcement learning
[13]. Second, we designed a simple navigation task to better understand the behavior of GMMIL
under the varying input dimensions and noise levels.
The baseline was a Behavior Cloning (BC) algorithm that employs supervised learning. i.e. it simply
tries to learn a map S → A with either the mean squared error loss for continuous actions or the
cross-entropy loss for discrete actions. Since the original implementation details of GMMIL are not
fully available, we based our project off the OpenAI Baseline library like the authors did to make the
experimental setup comparable 1 . Due to the computational and time constraint, our experiments
were limited to 5 independent trials.
4.1

OpenAI Continuous-state Control Tasks

Can the results be easily reproduced? According to the reported results, the method outperformed
the behavior cloning algorithm in terms of sample efficiency, total costs and stability (low variance).
1

github.com/openai/baselines/
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Figure 1: Reproducibility of the Algorithm on OpenAI tasks The first two illustrate the trajectories
(red) of the expert policy (the first) and the policy learned by GMMIL (the second). We observed
the GMMIL policy learned to reach the goal (blue) but generate slightly different trajectory patterns.
This is likely due to the stochasticity of the initial state distribution that pushed the agent to unseen
situations. The last two plots show the normalized performance as a function of the number of
training trajectories. Overall, we observed our result is on par with the original paper’s result.

We chose a discrete-action problem, MountainCar-v0 (dim(S) = 2, dim(A) = 3), and a continuousaction problem, Reacher-v1 (dim(S) = 11, dim(A) = 2). The demonstration data for MountainCarv0 was generated by the expert policy obtained with Deep Q Learning. For Reacher-v1, we used the
demonstration data made available by OpenAI that is known to be obtained using TRPO [14].
4.2

Synthetic Continuous-state Navigation Task

We designed a simple continuous-state discrete-action stochastic MDP where the state is a unit
hypercube S ∈ [0, 1]d . We fixed the action set to the four directions where each action would move
the agent by a constant step in the chosen direction.
The agent starts at the origin and the goal is fixed
√
on the opposite side of the diagonal which is d away. The dynamics is stochastic where a uniformly
random action is taken instead of the action sampled by the policy with a small probability. The
expert policy was hand-crafted by alternating the right and up actions towards the goal. Subsequently,
the trajectories were sampled around the diagonal of the state space.
Does the performance degrade as the input dimension or the noise increases? It is known that
the MMD suffers the curse of dimensionality [15]. However, the potential downside was not strongly
exhibited in the test results of the original paper, even though some tasks have high dimensional
inputs (e.g. 376-dimensional state variables in Humanoid). We hypothesized the dimensionality
issue had been mitigated by the fact a subset of the high-dimensional state variables was essentially
nuisance information or that the issue arises for a very large scale problem. To the end, we varied the
dimension of the states d = {5, 50, 500} and also checked how GMMIL behaves to the noise and the
nuisance information. We used an isotropic Gaussian noise  ∼ N (0, δ 2 I) and varied δ = [0.01, 1.0]
for d = 50. For the nuisance factors, we concatenated a near-constant random vector sampled
independently of the states with the true state vector for d = 5.
Dim.

GMMIL (t)

BC (t)

Noise

GMMIL (t)

BC (t)

5
50
500

1.11 ± 0.03
1.17 ± 0.05
1.36 ± 0.04

1.29 ± 0.13
1.34 ± 0.17
1.55 ± 0.22

Low
High
Nuisance

1.15 ± 0.05
2.93 ± 0.16
1.27 ± 0.05

1.32 ± 0.17
3.95 ± 1.30
1.42 ± 0.16

Table 1: Sensitivity to Input Dimension and Noise on the Synthetic task: The left table shows the
behavior of GMMIL with varying input dimensions. The reported numbers refer to the average time
step at which the agent reached the goal (normalized by the expert’s record) with one standard error.
We observed GMMIL’s performance degrades as the input dimension increases but with a slower rate
than BC. The right table shows the robustness to the noise. We observed that both methods are not so
robust even for the low noise setting. GMMIL consistently showed a lower variance than BC.

4
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Discussion and Conclusion

We empirically evaluated GMMIL to better understand its advantages and disadvantages. We
reproduced its superior performance on OpenAI benchmark control tasks, compared to the supervised
learning baseline (BC) and the random policy. We confirmed GMMIL is especially superior in the
low training data regime which is in line with the original authors’ claim that GMMIL is robust for
sparse demonstrations. We observed that GMMIL showed a low variance, making it deemed stable.
Also we observed that GMMIL is not particularly robust to the noise, but that it performed reasonably
well when the nuisance information was added, which can potentially explain the GMMIL’s good
performance even in some high-dimensional tasks. Moreover, we observed GMMIL’s performance
degraded as the input dimension increased. For the future work, it would be interesting to study the
sensitivity of GMMIL to the choice of kernels including non-characteristic and its hyper-parameters
and also the compatibility with policy optimization algorithms other than TRPO.
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